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A variational method is used to study the shape of a self-gravitating fluid 
mass rotating with a prescribed angular momentum per unit mass. The modei 
is of primary interest in astrophysics, where it is taken as a model of a star. 
Sharp estimates are obtained on the diameter of the rotating body in terms of 
the total mass M and parameter Q = T/W; T and W represent, respectively, 
the kinetic and potential energy. The cases of Q small (slowly rotating body) 
and Q large (rapidly rotating body) are dealt with separately. 
1. INTRODUCTION 
In this paper we are concerned with the axisymmetric equilibrium figures 
of a rotating, self-gravitating fluid mass. The existence of equilibrium figures 
has been proved under general conditions by Auchmuty [2] (for an incom- 
pressible fluid) and Auchmuty and Beals [3] (for a compressible fluid). These 
authors use a variational method in which the solutions are obtained by mini- 
mizing the appropriate total energy functional. It is the purpose of the present 
work to establish quantitative properties of these solutions in terms of the given 
parameters of the problem. In particular, we characierize in an asymptotic 
sense the dependence of the diameter of the fluid mass upon its rate of rotation. 
In doing so we give a precise meaning to the concepts of a “slowly rotating” 
and a “rapidly rotating” fluid mass. 
We begin by recalling the formulation of the problem. Let p(x) be the density 
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of a fluid, assumed axisymmetric about the x-axis, symmetric in the z = 0 
plane, and of total mass M; that is, 
P(X) = P(Y, 4 = f(Y? -$ (l-1) 
I p(x) dx = M, 
R3 
(1.2) 
where x = (Y, 0, z) in cylindrical coordinates (we also write Y = Y(X)). Let us 
define m = m(r), representing the mass fraction inside the cylinder Y = Y(X), by 
m(y) = M-l jT(g)<T PC Y) dY* (1.3) 
The fluid is assumed to be rotating about the z-axis with a given distribution 
of angular momentum per unit mass, j(m), prescribed in terms of m(r). This 
is done because, in making up the model, one considers the steady equilibrium 
figure as the limit of an evolving axisymmetric fluid for which m(r) is a 
Lagrangian variable; that is, depends upon the particles of the fluid only. 
Consequently, j is preserved through the evolution provided it is taken to be 
a function of m (rather than of r). We assume that j(m) is a nondecreasing 
function on 0 < m < 1, j(0) = 0, and j”(m) is continuously differentiable on 
O<m<l. 
We shall consider the variational formulation of the problem separately 
for a (uniform) incompressible fluid and a compressible fluid. 
In the incompressible case we seek a density p(x) = It(x), the indicator 
function on the fluid domain G. The total energy is given by 
E,(P) = - ; jR3 jR3 I;:)::; dx dy + ; jR8 j”;;;;,,)) ,z(x) dx; (1.4) 
the two integrals appearing here represent respectively the gravitational potential 
energy and the kinetic energy. It is proved in Auchmuty [2] that there exists 
p(x) = It(x), G a bounded open subset of R3, such that 
where r,, is the class of densities satisfying the constraints (l.l), (1.2) and 
0 < p”(x) < 1; in particular, p = 1c minimizes over all p” = 1~ satisfying (1 .l) 
and (1.2). The solution p satisfies the variational conditions [2]: 
E;(p) < A in G, 
G(P) 2 A in R3\G, 
(1.6) 
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for some (undetermined) constant h. Setting 
f(x) = f(r) = - jTaJ%!!jk) ds, 
u= v+f+h 
the conditions (1.6) become 
2420 in G, 
U<O in R3\G. 
(1.7) 
(1.8) 
(1.9) 
(1.10) 
Applying the Laplacian to both sides of (1.9) we also have 
Au + 4~1~,>,) = Af in R3. 
All of the above extends to a compressible fluid. In this case the energy 
functional is 
+ t= jRa P"(x> dx; 
/3 and K are prescribed positive constants, and y = 1 + l//3. We assume 
that 0 < /? < 3 (i.e. $ < y < co). The third integral in (1.11) arises as the 
internal energy of a fluid whose equation of state is the polytropic pressure- 
density relationship 
Auchmuty and Beak [3} have proved the existence of a density p(x) > 0, 
Holder continuous with compact support in R3, such that 
E(f) = yip Jw) (1.12) 
where r is the class of densities satisfying the constraints (1. I), (1.2) and p”(x) 3 0. 
In this case the solution p satisfies the variational conditions [3]: 
E’(p) = h in G = {p > 0}, 
E’(f) > x in R3\G. 
(1.13) 
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In terms of the function u, defined by (1.9), (1.13) becomes 
u zzz cp in G = (p > 0}, 
U<O in R3\G 
(1.14) 
with C = (/3 + l)K. Hence u satisfies the equation 
Au + co(u+)B = Of in R3; 
co is a positive constant. 
Certain qualitative properties of the solutions have been established. It is 
known in both the incompressible and compressible cases that p(r, z) is a 
nonincreasing function of z for z > 0. In a recent paper Caffarelli and Friedman 
[5] have studied the geometry of the fluid domain G = {p > 0} and the regularity 
of the free boundary aG. They have shown that 
up, z) = up, -x), u, > 0 if .z>O 
and that G consists of rings 
-#(r> -=c Jz -=l VP) ai < r < b, 
where 3(r) is analytic; the number of these rings is finite (in the incompressible 
case a certain condition onf(r) is imposed). 
In the present paper we are interested in estimates on the support of p as 
a function of the given quantities M and j(m). We formulate these results 
in terms of certain (characteristic) parameters defined as follows. 
Let p* and a, be defined by 
P* = 1 
p1,/8-1/3 = CM213 
(incompressible case), 
(compressible case, 0 < ,B < 3), 
(1.15) 
%v*a* 3 E&f- (1.16) 
the constant C-depending upon /3 and K only-is specified in Lemma 2.1. 
In order to measure the rotation rate of the fluid we introduce the dimensionless 
quantities 
4(m) = -f@& (0 < m < l), Q = Ia1 q(m) dm. (1.17) 
The following physical interpretation motivates the use of these quantities. 
Imagine a (hypothetical) ball of radius a, , uniform density p.+ , and total 
mass M rotating with a distribution of angular momentum per unit mass 
given by j(m). Let T and W be the total kinetic and gravitational potential 
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energies respectively; and, for 0 < p < 1, let T, and W, be the kinetic and 
gravitational potential energies of a unit mass situated on the lateral surface 
of the cylinder of radius Y such that m(r) = p. Then 
where c1 , ca are absolute positive constants. 
Let us now assume (although most of the subsequent theorems will be given 
under weaker hypotheses) that there is a positive constant c,, such that 
q,Q < 4(m) < GlQ forallO<m<l. (1.18) 
Then we say that the fluid is “slowly rotating” if Q is sufficiently small, and 
that the fluid is “rapidly rotating” if Q is bounded away from zero by a positive 
constant. 
Let ur be the radius of the smallest ball about the origin entirely containing 
the fluid domain G. For a slowly rotating fluid, we shall prove that 
c, < 2 < c, . (1.19) 
For a rapidly rotating fluid, we shall prove that 
GQ 
Wl + Q> < 2 G GQ lodl + Q). 
(1.20) 
The constants C, , C, above are independent of M and j(m) (and hence of Q). 
Thus, the ratio al/a* , a measure of the dilation of the fluid mass, is charac- 
terized in terms of Q, a measure of the rotation rate. 
In Section 2 we establish some estimates on the density and gravitational 
potential; namely, 
P(X) G P* F 
V(x) < g log (1 + 2) 
for all x E R3. In Section 3 we study the slowly rotating case and prove (1.19). 
The rapidly rotating case is considered in Sections 4-6. The lower bound 
of (1.20) is a consequence of a more general bound, obtained in Section 4, 
on the quantity R, defined by 
s p(x) dx = pCLM (0 -c P < 1). dm)<R, 
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The upper bound of (1.20) follows from more general estimates found in 
Section 5 (in the incompressible case) and Section 6 (in the compressible case). 
Throughout the paper we shall denote by C a generic positive constant 
independent of M and j(m). 
2. LEMMAS ON THE GRAVITATIONAL POTENTIAL 
In the compressible case we need the following pointwise estimate for the 
density p(x). 
LEMMA 2.1. Let p be a solution of (1.12). Then there holds 
sup P(X) < P* 
XERS 
(2-l) 
where p* is defined by ~l*/e-l/~ = CMai3 and C is a constant depending upon K 
and jfl only; cf. (1.15). 
Remark. An examination of the following proof yields the explicit value 
C = 27r (-&)2’3/K(p + 1) 
for the constant in the statement of the lemma. However, for the sake of 
simplicity in the sequel, we shall continue to let C denote a generic positive 
constant. 
Proof. By equations (1.9) and (I. 14) we have 
CpllS= V+f+hinG. (24 
Also, since p has compact support and V + 0, f -+ 0 as x --+ co, (1.4) yields 
Combining (2.3) with the fact that f < 0, we obtain from (2.2) 
Cpfls < V in G. 
Setting pO = sup p and p,, = p(q), x0 E G, we now conclude 
(2.3) 
58a/37/2-2 
(2.4) 
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Consider the problem of maximizing 
subject to the constraints 
Clearly, the solution is given by p = pJa for a ball B with center x0 and radius a, 
where &p,,a 3 = M. Calculating F(p) for this density we obtain 
s a t2& F = cpo 0 E = Cpoa2 = Cp1,13M2/3. 
Substituting this estimate for the right hand side of (2.4) we get 
,LI;‘B < Cp;f3M2/3, 
and so (2.1) follows. 
We assume throughout the remainder of the paper that (1.15) and (1.16) 
hold with the constant C specified in Lemma 2.1. Of course the lemma is 
unnecessary in the incompressible case (formally we may consider this case 
as corresponding to /3 = 0). 
We now estimate the gravitational potential 
at a point x = (R, 0,Z) in terms of R. 
LEMMA 2.2. Let p be a solution of either (1.5) OY (1.12). There holds, for any 
O<R<co, 
W) < 7 ( log 1 + $) (x = (R, 0,-Z>> (2.5) 
where C is a constad independent of R, 2, M, j(m). 
Proof. Suppose that R < Au, for a positive constant A to be fixed later. 
Using Lemma 2.1 we have 
= Cp,a”, . 
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Consequently, by definition of a, , 
V(x) < 
CM 
-3 
a, 
(2.6) 
and this implies (2.5). Thus it suffices to consider the case R > Aa, . 
Let S = {y = (Y, 0, z): / r - R 1 < R/2, j z - 2 1 < R) and s’ = As\&‘. 
Since for y E S’ we have / x - y / > R/2, it follows immediately that 
P(Y) CM 
IX-Y I 
dyGT. 
It remains to estimate 
I= 
.c 
P(Y) 
SIX-Yl 
4 
= J 77 p(r, z) dr dz s Y db’ --n[(z - 2)2 + y2 + R2 - 2rR cos t9]1’2 (2.7) 
/‘75\ $y” 
2 
Writing X = .z - 2, a = X2 + r2 + R2, b = 2rR, we have 
J(‘, ‘, R, = s_: [AZ + y2 + R; ” 3R cos @]llz 
= 2y jon & bdfos @l/2 
= 3. -2m- 
(a + b)l12 
where K2 = 2b/(a + b) and K(k) is the complete elliptic integral of the first 
kind; cf. formula 291.00 of [4]. Since k2 = 4rR/(X2 + (r + R)2) we observe 
that K + 1 as X2 + (r - R)2 + 0. The function K(K), which is singular at 
K = 1, possesses the well-known asymptotic property (cf. formula 112.01 of [4]) 
K(k) N log $ (12’2 = 1 - k2) as k+ 1. 
Using k’2 = (X2 + (r - R)2)/(A2 + (r + R)2), we now conclude from (2.8) that 
x2 + (y + W 
I@! r* R) G [x2 + (yc; R)2]1/2 log ‘X2 + (y _ R)2 
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for some sufficiently large absolute positive constant C. Finally, since 1 A 1 < R 
and 1 r - R / < R/2, we have 
(2.9) 
Now applying estimate (2.9) to equation (2.7) we find 
Also, there holds 
M = 27r p(y, z) Y dr dz >, CR p(r, x) dr dz. 
RS Ir-RI <R/2 
k-21 <R 
We consider, therefore, the problem of maximizingF(p) subject to the constraints 
0 -G PC?, 4 < p* 
p(~, z) dr dz < SE . 
IT-RJ<R/2 
Iz-ZI <R 
Clearly, the maximum occurs for p = p&n where D = {(Y, x): (z - Z)z + 
(Y - R)2 < s”} and rp*s2 = CM/R. Computing F for this density we obtain 
F = Cp, 
s 
*logyfdt 
0 
< cp*s2 
( 
1 + log E 
s > 
< cM 
R ( 
CPP 
\----- 1 + log 7) 
we assume that the constant A is now fixed sufficiently large so that R > Au, 
implies s < R/2. The above estimate for F yields, by (2.10), the required 
estimate for I. This completes the proof. 
Later on we shall need to consider the potential due to a torus of uniform 
density. 
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LEMMA 2.3. Let T be the (solid) torus 
T = {y = (r, 0, z); (z - Z)z + (r - R)2 < s”} 
with 0 < s < R/2. There holds 
s 
dY 
T-IX-Y1 
3 cs2 log + (x = (R 0, 2)) (2.11) 
where C is a positive constant independent of R, 2, s. 
The proof is immediate from the calculations of the previous lemma. 
An estimate analogous to that of Lemma 2.2 also holds in terms of 2. 
LEMMA 2.4. Let p be a solution of either (1.5) or (1.12). There holds, for any 
o<z<co, 
W) < 7 ( log 1 + S) (x = (R f.A.0 (2.12) 
where C is a constant independent of R, 2, M, j(m). 
Proof. As in the proof of Lemma 2.2 it suffices to consider 2 > Aa, . 
Since the following proof is independent of the axisymmetry of p, we may 
assume without loss of generality that R = 0 (simply by translating the origin 
in the x = 0 plane). 
We claim that V(X) is majorized by the potential due to a certain rearrangement 
of p; namely, 
(2.13) 
where p” = p&, e = {y = (r, 0, z); 0 < r < a(z)}, and U(Z) is given by 
7rp*a2(x) = 
s FJ(YI,Y~,~~Y~~Y~. (2.14) R2 
To prove the claim we express V(x) in the form 
v> = JR_ dz JR2 [(% _ $;$ J! y22]1/2 dY1 dY2 . (2.15) 
Now, for fixed A and u, consider the problem of maximizing 
PC Yl 3 Y2) @) = jR, [A2 +y12 + Y,2]1/2 dyldY2 
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subject to the constraints 
0 <PC Y1TY2) GP* 
s P(Y1 ?YZ)dYl dY2 = UP*+?. 
R= 
Clearly, the maximum occurs for p = p*I(v,2+,22c02~ . This reasoning, applied 
to the inner integral in (2.15) for each z, establishes (2.13). 
By virtue of the obvious inequality (writing y = (Y, 8, x)) 
i 
p”(Y) CR4 
lz-Zl$Z/2 I x - Y I 
dY < -jf- 
it remains only to estimate 
I= 
i 
17(Y) dy 
lz--2i<Z/2 IX-Y I . 
Since p(yl , y2 , z) is a nonincreasing function of x for z > 0 and 
P(Y1 P Yz 7 --.a) = p(yl ,y2 , x), it is evident from (2.14) that u(z) is a non- 
increasing function of x for z > 0 and u(-z) = o(z). Writing (I~ = o(Z/2), 
we then have 
{y = (Y, 8, z); 0 < Y < u1 ) ) x ) < Z/2} c G. 
Hence M/p* = meas. e 3 co,sZ for some absolute positive constant c. Thus, 
for o,, > 0 defined by 
a0 
2 - CM -- 
P*Z 
it follows that a1 < u. . Furthermore, 
CT.7 n {z > Z/2} C (0 < r < al} C (0 < Y < uo}. 
Thus we can estimate I as follows: 
I GP* s 
dY 
o<r<oo Ix--Y1 
I.+Zl<Z/2 
f 
z/2 
= cp*uo2 
-z/2 (A2 + uf& +- A 
< CP*Uo2 1% E 
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here we use the fact that 2 > 2aa which is implied by the assumption 2 > Au, 
provided the constant A is fixed sufficiently large. This completes the proof. 
Lemmas 2.2 and 2.4 together can be summarized as follows. 
THEOREM 2.5. The gravitational potential V(x) corresponding to a solution p 
of either (1.5) or (1.12) satisfies 
V(x) < f$ log (1 + *) (x E R3) 
where C is a positive constant independent of x, M, j(m); a, is defined in (1.16). 
3. ASYMPTOTIC ESTIMATES FOR A SLOWLY ROTATING FLUID 
A fluid is said to be slowly rotating if 
Q < 1, L?(l) < co for some positive constant CO . (3.1) 
Recall that the quantities Q, q(m) are defined in (1.17). 
We shall first consider the incompressible case. Setting 
) 
condition (3.1) can be rewritten as 
(3.2) 
(3.3) 
for a positive constant C,, and a universal constant E,, . 
THEOREM 3.1. Assume that (3.1) holds for an incompressible @id. Then 
there exists a positive constant B such that, for any 0 < M < co, 
G C {x; 1 x 1 < BM113f, B depends on C,, . (3.4) 
Remark. Let a, denote the smallest positive number such that meas. G n 
(x; 1 x ) < a,} = PM (0 < p < 1). Then obviously 
a, > c$/~M~/~ (c = (3/4741/3) 
Theorem 3.1 states that a, < BM113. In other words, we have inequalities 
(1.19) with a, = cM1j3. 
To prove Theorem 3.1 we need several lemmas. 
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LEMMA 3.2. The gravitational potential V(x) satisjies 
V(x) < CM2’3 $ log A if 1 x 1 > AMIIS, (3.5) 
for any A > 2, where C is a positive constant independent of M, A. 
This follows directly from Theorem 2.5. 
LEMMA 3.3. The energy E,(p) satisfies 
EO(p) < -CM613. (3.6) 
Proof. Choose p” = IB where B is a ball about the origin of volume M; 
the radius is a, = cM113 where c = (3/4-7r)lJ3. As is well known, if x E B then 
Hence 
s dy >E B Ix-r1 ‘a*’ 
ss dx dy > M” B B Ix-YI ’ a* * 
I 
jz(m(y(x>>) dx < zTa 
T2(4 x s 
a* i2tm@)) r &, 
B 0 P-2 
and 
3 r2 r2 
m(r) < M-k-r2a, = -- < - . 
4 a2, a”* 
Making the change of variables m = r2/a”, in the last integral and recalling 
that j is nondecreasing, we obtain 
using definition (1.17). It follows that 
2E,(p”) < - z + ra%MQ 
= - ; M5/3 (1 _ ;Q) 
by (3.1). The assertion (3.6) now follows from the last inequality and (1.5). 
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LEMMA 3.4. Set 
pa = M-l meas. G n {x; 1 x 1 < AMl~s}. 
Then there exists a s@ciently large positive constant A and a constant 6,O < 6 < 1, 
both independent of M, such that 
PA >-* (3.7) 
Proof. From Lemma 3.3 we deduce that 
CM5J3 < 
ss 
dx dy 
G Gix-Yi 
V(x) dx 
< C(pAM)5’3 + CM513 $ log A 
where Lemma 3.2 was used. Choosing A sufficiently large, the assertion (3.7) 
follows. 
Proof of Theorem 3.1. Suppose there exists a point x2 E aG with j x2 1 > 
BM1i3, B > A; we shall show that this yields a contradiction if B is sufficiently 
large. 
Take a point x1 $ G such that 1 x1 / < AM113 and r(xl) > &AM1/3. This is 
possible if A is large enough, since 
vol.{x; 1 x 1 < AM1/3, r(x) > $AM1j3} > vol. G. 
Since u = V + f + h = 0 on aG and <O in R3\G, we have 
V(xl) 5 V(x2) + 1” q dr (ri = r(xi)). 
Tl 
By Lemma 3.4 we have, 
V(X~) 2 & = + ~313 
By Lemma 3.2 we have 
1 
V(x”) < CM2’3 B log B. 
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Putting these estimates into (3.8), we obtain 
Using (3.1) (in the form (3.3)) an d h c oosing B sufficiently large, we get a con- 
tradiction. 
We shall next extend Theorem 3.1 to the compressible case, with 0 < /3 < 3 
(i.e. 4/3 < y < co). 
THEOREM 3.5. Assume that (3.1) holds for a compressible @id (0 < /3 < 3). 
Then there exists a positive constant B such that, for any 0 < M < co, 
SUPP P C lx; I x I -=c B4, B depends on C, . (3.9) 
Remark 1. In fact, the theorem holds (as the following proof shows) under 
a more general hypothesis than the “slowly rotating” condition Q < 1 in 
(3.1) by the condition Q ,( C,, . 
Remark 2. Let a, denote the smallest positive number such that 
In view of Lemma 2.1, Cp,a,3 > PM, hence 
a, > Cp1i3a, . 
Theorem 3.5 states that a, < Ba, . In other words, recalling definitions (1.15), 
(1.16), we have inequalities (1.19) with 
a, = CMp, l-8 P=v. 
Note thatp changes sign on the interval 0 < /3 < 3 and that the incompressible 
case is the limit case of fl = 0. 
The proof of Theorem 3.5 proceeds analogously to the proof of Theorem 3.1. 
We begin with several lemmas. 
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LEMMA 3.6. The gravitational potential V(x) satisfies 
V(x) < $qog. if 1x1 >Aa,, (3.10) 
for any A > 2, where C is a positive constant independent of M, A. 
This follows from Theorem 2.5. 
LEMMA 3.7. The energy E(p) satisJies 
E(p) < -CP~,/~M~‘~. (3.11) 
Proof. Choose p” = tlp,I, where B is a ball about the origin and 
s p”(x) dx = M; 8 is positive and sufficiently small (to be determined). Then 
< -C(ep+.)ll3 M613 + C(BP,)~/~ M113 jo2 + C(Bp,)l’e M 
= -c(~,,)l,3 M5/3 1 _ ‘@$;;jo2 - c(ep$;;;-1’3 
I 
= -~(~~*)1/3 &p/3(1 _ cel4-J - Cell~-l~3}. 
Recalling (3.1), the estimate (3.11) now follows by fixing 6’ sufficiently small. 
LEMMA 3.8. Set 
pA = M-l 
s IdSAa* 
~(4 dx. 
Then there exists a su$iciently large positive constant A and a constant S, 0 < 6 < 1, 
both independent of M, such that 
tLA > he (3.12) 
Proof. From Lemma 3.7 it follows that 
C 
p* 
1/3M5/3 ,( 
< Cpl*/QLAM)5’3 + Cp1,/3M6f3 + log A; 
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here we have used Lemma 2.1 and Lemma 3.6. Taking A sufficiently large 
gives the assertion. 
Proof of Theorem 3.5. Let G = supp p and suppose x2 E aG, I x2 / > Ba, ; 
we shall derive a contradiction if B is sufficiently large. On the set ) x 1 < Aa, , 
Y(X) 3 @la, , p(x) takes a minimum at x = x1. Clearly, p(xl) < CM/Aai . 
There holds then 
V(xl) 3 GM/As, , by Lemma 3.8, 
V(x”) < E * $ log B, 
a* 
by Lemma 3.6, 
and 
u(x') < C(M/Aa3,) 
Putting these estimates into (3.8) and using (3.1), we obtain a contradiction 
if B is sufficiently large. 
4. LOWER ESTIMATES FOR A RAPIDLY ROTATING FLUID 
In this and the following sections we assume that the fluid is “rapidly rotating,” 
namely we drop the conditions (3.1). We shall derive estimates on the support 
of the fluid. In this section we derive lower bounds and in the subsequent 
sections we shall derive upper bounds. We are able to consider the incom- 
pressible and compressible cases together in this section. 
Define, for 0 < p < 1, 
(4.1) 
THEOREM 4.1, Let p be a solution of either (1.5) OY (1.12). There holds, for any 
O<p<L 
where C is a constant independent of M, j(m), p; a, is de$ned by (1.16) and q 
by (1.17). 
Proof. Set x,, = (R, , 0,O). Then 
0 < u(xJ = Qy) + f (q) -t A. 
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By (2.3) we have h < 0, hence 
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(4.3) 
By the monotonicity of j(m), 
and, by Lemma 2.2, 
Substituting these inequalities into (4.3), (4.2) follows. 
Remark. The above proof depends only on the equilibrium conditions 
-namely, (1.10) in the incompressible case or (1.14) in the compressible case- 
and not upon the fact that p actually minimizes the energy functional. 
COROLLARY 4.2. Assume that q( 1) > cOQ for some positive constant c,, . 
Then, for any fixed E,, > 0, there holds 
Q 
log(l + Q> 
provided Q > E~ , (4.4) 
where C, is a positive constant depending only on q, , co . 
This follows easily from Theorem 4.1 (using a, 3 R,). 
Although Q seems to be the most natural parameter in which to formulate 
the asymptotic estimates, one can also consider M as the asymptotic parameter. 
We say that a fluid is rapidly rotating at a level e (c > 0) if (1.18) holds and 
Q-MM’ as M-t 00, or, 
1 
(4.5) 
QW- 
M’ 
as M-+0; 
here we use the notation f M g to mean cr <f/g < c2 for some constants 
cr , ca > 0. The estimate of Corollary 4.2 now becomes 
as M+ co, or, 
a, -2 c 1 
M log( 1 /M) 
as M+O. 
a* 
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5. UPPER BOUNDS FOR A RAPIDLY ROTATING INCOMPRESSIBLE FLUID 
A fluid is said to be rapidly rotating if 
0 > eO for some fixed positive constant E,, , and 
inf q(m) > c& for some positive constant c, . 
O<m<l 
(5.1) 
In the incompressible case conditions (5.1) can be rewritten as 
inf jzo > c jo2. 
O<m<l m ’ O ’ 
(5.2) 
(5.3) 
j, and j, (needed later) are defined in (3.2). 
The lower estimate for R, given in Theorem 4.1 is complemented by the 
following upper estimate for a, ; recall, 
a, = sup{lxl;x~G}. 
THEOREM 5.1. Assume that (5.1) h Id f o s or an incompressible fluid. Then 
there exists a positive constant B depending only on co , co such that 
& <Blog(l i-C&) -mN&,dl)) (5.4) 
where & is determined by 
ca log(l +CQ) = AoQ; (5.5) 
C is a positive constant and A, is a (s@iciently large) positive constant, both 
independent of M, j(m), q, , c,, . 
COROLLARY 5.2. Assume that (1.18) holds. Then, for any fixed q, > 0, 
there holds 
& < GQ log(l 5 Q) provided Q 3 e. , (5.6) 
where C, is a positive constant depending only on co , co . 
Proof. By virtue of (1.18) we have 
max@, q(l)) < CQ; 
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hence, (5.4) becomes 
& [log (1 + c j&2)] -’ < B’Q 
where B’ is a constant depending only on c0 , c, . (5.6) follows easily from this. 
Remark. The estimate (5.6) is complementary to (4.4) (proved under 
somewhat more general assumptions). Together they yield (1.20) in the incom- 
pressible case (under assumption (1.18)). 
In the proof of Theorem 5.1 we let R* denote the solution of 
CR* 
( 
CR* 
jg&% 1 +M1/” 1 = 
A A2 
QM4/“’ (5.7) 
We shall establish the required estimate (5.4) in the form 
a, < B log ( 1 + C & 1 
* max(R*, IVPBq(l)). (5.8) 
The proof is based on several lemmas. 
LEMMA 5.3. Under assumption (5.1), 
IS dxdr > j G clx-Yl’ G = dx + F log (I + g) . y2 (5.9) 
Proof. Take p” = IG where (I? is a torus 
9 + (Y - R)2 < s2, 27r2s2R = M, 
By Lemma 2.3, 
s < R/2. 
s dy GIX-YI > es2 log ; > 
provided 
Hence, 
x = (r, 4 -q, z2 + (r - R)2 < s/2. 
Also, 
f 
1j2(m) dm < CM . 2 j2(m(y)> dx < CM 
G r2 ‘R2” s ’ FJO . 
156 
It follows that 
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Choosing R = R*, with A,, fixed sufficiently large in (5.7), we find that 
E,(P)+g ( log1 + $). 
Recalling (1.5) we obtain the assertion (5.9). 
LEMMA 5.4. Assume (5.1) holds, and set 
pa = M-l meas. G n {cc; j x 1 < AR*}. 
Then there exist positive constants A, 6 (0 < 6 < 1) independent of M, j(m) 
such that 
PA b s* (5.10) 
Proof. The proof’s outline is the same as for Lemma 4.4. However, in 
order to carry out the details we must use the kinetic energy in order to control 
a portion of the gravitational energy corresponding to a mass in a neighborhood 
of the origin. More specifically, we shall need to establish the inequality 
dx dy 
lx--Y1 ' $<nR* s 
jz(m(r>> dx 
r2 r(m),r(v)<nR* 
X,WG 
for some 17 > 0 independent of M, j(m). 
Let 
0 = r. < rl < r2 < --. < r, = 7R* 
be a partition of [0, vR*] such that 
g(rl) E meas.{G n (r < rl)) > 0. 
Define 
Qi = ((x,Y); r(x) v T(Y) < rip r(x) v r(y) > ri-J 
where a v b = max(a, b}, a A b = min{a, b}, and 
m, = m(rJ, Aim = mi - m,-l. 
(5.12) 
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We can write the left hand side of (5.11) in the form 
By Lemma 2.2, if i > 2, 
On the other hand, the right hand side of (5.11) can be written in the form 
dx >, jek-1) (dtm) M 
y i 
XEG 
Choosing the partition sufficiently refined so that 
yi < 2, mi<2 
Td-1 mi-1 
(notice that ml > 0, by (5.12)) we conclude that Ki > Ji for 2 < i < n 
provided 
for some sufficiently small positive constant c, . In view of (5.3) it suffices 
to show that 
C-7. 
& log (1 + 2) 
'2 
- Ml” < c2 G4,3 
+/37/2-3 
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with another sufficiently small positive constant c, . Since ri < qR*, the last 
inequality follows from the definition of R* provided 1;1 is chosen sufficiently 
small (independent of M,j(m)). W e conclude that the left hand side of (5.11) 
is smaller than the right hand side plus the term Jr . Now taking yl 4 r” where 
r” = inf{r; g(r) > O> 
(so that J1 J, 0) the proof of (5.11) is complete. 
Using Theorem 2.5 we have 
CM2 
F> dx < AR* log 
Using both this inequality with A fixed sufficiently large and (5.11) in estimate 
(5.9), we deduce that 
qog (1 + $) G J,a,“,u,<AR* 4dvr(d>sR* 
X,lEG 
By Lemma 2.2, the right hand side is smaller than 
c+$Yog (1 + G). 
Now, noting that 
where B, is a constant depending only on l ,, , we conclude that pA > 6 where 
6 is a positive constant independent of M, j(m). 
LEMMA 5.5. Under assumption (5.1), 
I X I > 2 [max{R*, M1/3q(l)}]-1 (A = u(a)>, (5.13) 
where B,, is a suJi&ntly large positive constant depending only on q, , c,, . 
Proof. Let 
y. = B, max{R*, M1i3q(l)} (5.14) 
where B, will be taken sufficiently large depending only on E,, , c, . Then in 
the region 
To < 7 < 2ro , 1x1 <ro 
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there must be a point 3i: which does not belong to G, and hence, ~(2) < 0. 
Taking x = 2 in the relation u = V(x) +f(r) + h, we obtain 
A < -V(Z) -f(F) (? = r(5)). (5.15) 
By Lemma 5.4, 
here we have taken B, > A. Also, 
-f(F) = lirn !&$I& dr < $ jl” = 5 M4’3q( 1). 
Putting these inequalities into (5.15) we get 
by (5.14); this gives (5.13). 
Proof of Theorem 5.1. Take a point x1 on the boundary of G such that 
j x1 ) = al. Since U(xr) = 0, we get 
I h I = VW> +fh) (5 = ++N 
(5.16) 
< V(xl> 
By Theorem 2.5, 
Substituting this and (5.13) into (5.16), the assertion (5.8) follows. This, being 
equivalent to (5.4) establishes the theorem. 
Remarks. From the proof of Lemma 5.3 we see that the lemma remains 
true if in the definition of R* we replacejo by 
I 
1 
j2(m) dm. 
0 
Proceeding as before we find that Theorem 5.1 is valid if q(m) and Q are replaced 
by, respectively: 
i2(m) 
a,M’ 
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The condition (5.3) is not satisfied ifjz(m) vanishes at m = 0 to an order >I. 
When this occurs, we are still able to obtain some upper bounds on a, , but 
they are not as sharp. 
If we suppose that the fluid is rapidly rotating at a level E (see (4.5)) then 
we have, directly from Corollary 5.2, 
A < CA&log M 
Ml/3 = as M-XI, or, 
a1 < log(llW as M-+0. 
M1/3= j)fc 
6. UPPER BOUNDS FOR A RAPIDLY ROTATING COMPRESSIBLE FLUID 
In this section we extend Theorem 5.1 to the compressible case; recall, 
a, = sup{l x I; P(X) > 01. 
THEOREM 6.1. Assume that (5.1) h Id f o s or a compressible &id (0 < fi < 3). 
Then there exists a positive constant B dewing only on Ed , c,, such that 
2 < B log (1 + C 2) . ma,@, q( 1): (6.1) 
where p is determined by 
CQ log(l + CC?) = A,Q, (6.2) 
A, (suficiently large) is a positive constant depending only on E,, ; C is a constant 
independent of M, j(m), q, , co . 
Note: Of course, all the above constants depend on /I and K. 
COROLLARY 6.2. Assume that (1.18) holds. Then, for any Jixed c0 > 0, 
there holds 
$ < C,Q log(1 + Q) provided Q >, Ed , (6.3) 
where C, is a positive constant depending only on q, , co . 
The proof is the same as for Corollary 5.2. 
The estimates (4.4) and (6.3) together now establish (1.20) in the com- 
pressible case. 
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The proof of Theorem 6.1 proceeds along the same lines as the proof of 
Theorem 5.1. Now, we let R* be defined by 
~log(l + F) = A,Q. 
As before, we establish several lemmas. 
LEMMA 6.3. Under assumption (5.1), 
f$$1,(,) dx + C \ p’(x) dx 
‘R3 
Pyoof. Take p” = Op.+& where c is the torus 
x2 + (Y - R)2 < s2, 27~~9~*s~R = M, s < R/2. 
Then, analogously to Lemma 5.3, 
(1 + 7,. 
(6.4) 
(6.5) 
I j2WN 
CM 
R3 y2 
---+.--p(x) dx < R2 j02. 
Finally, 
I 
,3’(x) dx < C(Bp,)l’” M = CWp1,/3M5/3; 
R3 
here we have used y = 1 + l//? and (1.15). We now conclude that 
I?@) < - Flog (1 + F) + gjz + C.j11Bp1,/3MS/3 
(6.6) 
CB1’3R 
1+--- 
a* 
- +Q _ 2 (jl8/. 
If we take 0 according to &” = C,R/a, where /3 < OL < 3 and C, is fixed 
sufficiently large then the first term on the right hand side of (6.6) majorizes 
the third term. Next, we take R = R* (according to (6.4)) with A, sufficiently 
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large to ensure that the condition s < R/2 holds and that the first term on 
the right hand side of (6.6) major&s the second, Recalling (1.12), the assertion 
(6.5) follows. 
LEMMA 6.4. Assume (5.1) holds, and set 
PA = M-1 
I , e ,<AR’ p(x) dx- 
Then there exisf positive constants A, 6 (0 < 6 < 1) independent of M, j(m) such 
that 
PA >, Se (6.7) 
Proof. The proof is similar to the proof of Lemma 5.4. We first need to 
establish the estimate 
j2(m(r)) p(x) dx ___ 
i-2 
Using a partition as in the proof of Lemma 5.4, we then find that the only 
point that needs to be verified is that 
-$10,(1+$) G ~28 
for ri < qR*; c, is a sufficiently small positive constant. As before, this follows 
from the definition of R”. 
We next proceed to verify the inequality 
where A is fixed sufficiently large. 
Again, the proof is completed by applying the estimate of Lemma 2.2 to 
the right hand side of the last inequality. 
LEMMA 6.5. Under assumption (5.1) 
I X I > ~b=lR*, w(lW. (7.8) 
where B, is a su$kiently large positive constant depending only on c,, , c, . 
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Proof. Let 
r. = B2 max(R*, w(l)) 
where B, is a sufficiently large positive constant. In the region 
yo d r 9 2ro > 1x1 <rro 
there is a point 32: where p(x) attains its minimum. Clearly, 
P(a) To3 < CM, 
so, by (1.14), 
c (+y 3 u(a) = v(a) + f (r”) + x (f = Y(a)). 
Hence, 
h < - y + + a*Mq(l) + c ($)l’, 
= -~11-~$4(1)-~(~)3’0-1j; 
here we have computed the last term using (1.15), (1.16). Recalling that R* > 
A,a, for some positive constant A, depending only on co , the assertion (6.8) 
now follows from the definition of r. . 
The proof of Theorem 6.1 can now be completed in the same way as for 
Theorem 5.1. 
The remarks made at the end of Section 5 apply also to the compressible 
case. 
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